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Arithmetics

Powers

For all real numbers z, y and positive numbers a, b
e a*aq¥ = a*tV

o L =gV

1 . T
e an = {/a, where n is a positive integer

Natural logarithm

For positive numbers z, y
e ' =y z =1In(y)

e In(zy) = In(z) + In(y)

e In(%) =In(z) —In(y)

e In(2?) = pln(z)

Natural logarithm is also often written as log(z).

Some special functions

Factorial of positive integers n

nl=n-(n—1)-(n—2)-2-1
and 0! = 1.

Gamma function is defined as

INE) :/ tole~tde
Jo

The Gamma function has the following properties
I'(n) = (n — 1)!if n is a positive integer
INa+1) =al'(«) forany a > 0

Beta function is defined as

1
B(o, B) = / te~1(1 —¢)A1de
0
The Gamma and Beta functions are related by

[(a)T(B)

Bh) = Tt p)

Derivatives

Derivatives of elementary functions

k, n and a are constants.
dz
® dx k=0

d,.n _
L] dzm =nx

n—1

° d eIt — qed®

dz
e Lin(z)=1,2>0
. %az:azlna
e

Derivatives of combined functions

f(z) and g(x) are differentiable functions, and k a constant.

e Constant rule

e Sum rule

L (@) 9@ = 1)+ g @
e Product rule

L (1@ -g@) = £ @) + 1) @)

e Quotient rule

da

d ( f(z) f'(@)g(x) — f(z)g' (x)
g()

e Reciprocal rule

d(l) __g@)
dz \ g(x) (q(z))

e Chain rule for a composite function

L flo@)) = 7o) -9/ @)

Integrals

Anti-derivatives

C and k are constants.
o [andr= 452" +C, n# -1

o [edr=1Le+C,a#0

o [1dz=Inlz|, z>0

Definite integral of f(z) fromatob
b
/ f(2)de = [F(x)]" = F(b) — F(a)

Integrals of combined functions

f(z) and g(z) are integrable functions and k a constant.

e Constant rule
/kﬁf(m)dx:k-/f(a:)da:
e Sum rule

[ @+ @) de = [ @rdot [ go)ds



Combinatorics

Combinations and Permutations

How many ways can we choose k elements
from n elements?

with replacement

without replacement

order nk = (n’f“k),
no order not included Ce=0) = (n%k'),k,
Descriptive Statistics
Sample mean
_ Z:i Z;
T ===
Sample Variance
2 ijl(zi - ‘f)Q

S

x

Sample standard deviation

Sample covariance

Sey = COV(LE, y) =

Sample correlation

T, = Corr(z,y) =

s, =/s2

n—1

Z?zl (z; —2)(y; — )

n—1

T

Sacy
5.8

Yy

Basic Probability

Addition Rule

P(AUB) = P(A) + P(B) — P(ANB)

Multiplication Rule

P(ANB) = P(B|A)P(A) = P(A[B)P(B)

Law of Total Probability - basic version

P(A) = P(A[B)P(B) + P(A|B°)P(B°)

where B¢ is the complement of B.

Law of Total Probability - general partition

K
P(A) = _P(A[B,)P(By)
k=1
where B, ..., B is a partitioning of the sample space.

Bayes’ Theorem - basic version

_ P(A[B)P(B)
P(B|A) = — @A)
Bayes’ Theorem - general partition
_ P(A[B,)P(By)
P(B,|A) = ~PA)

Properties of One Random Variable

Expected value
If X is a continuous variable with density function f(x)

u=[EX) :[OO:c-f(z)dx

Expected value of a function g(X)
If X is a continuous variable with density function f(x)

E(g(X)) = / o) - f(z)da

Variance
If X is a continuous variable with density function f(x)

o =V = [ (oo pp s fade = £ - 2

Standard deviation
oc=35(X)=V(X)
Expected value linear combination (¢ and d are constants)
E(c+d-X)=c+d- E(X)
Variance linear combination
V(c+d-X)=d? V(X)
Distribution of a transformation
Let X be a continuous random variable and ¥ = g¢(X),

where g(z) is a monotone differentiable function with in-
verse function x = g~(y). Then,

Fr(w) = fx (97 w) - ‘d’%;(y)‘

Properties of Two Random Variables
Expected value of a linear combination

E(cX +dY) = cE(X) + dE(Y)
Variance for a linear combination

V(eX +dY) = 2V(X) + d2V(Y) 4 2¢dCov(X,Y)

Marginal distribution for X

If X and Y are continuous variables with joint density func-
tion f(z,y), then the marginal density of X is

o'}

fxla) = / fla,y)dy

Conditional distribution for Y given X

If X and Y are continuous variables with joint density func-
tion f(z,y), then the conditional density of Y is

f(z,y)

flole) = T8,

fx(z) >0

where fy(x) is the marginal density for X.

Law of iterated expectation
Ey (V) = Ex (Eyix (Y1)
Law of total variance
Vo (V) = Ex (Vyx(Y1X) ) + Vy (Ey x(Y1X))

Covariance between two random variables X and Y

Cov(X,Y) = [E((X—[E(X))(Y—[E(Y))) = E(XY)—E(X)E(Y)

Correlation between two random variables X and Y

Cov(X,Y)

Corr(X,Y) = 5% 5(7)



Properties of the Sample Mean

Let X;,X,,..., X, be independent identically distributed
random variables with expected value p = E(X;) and vari-
ance 0% = Var(X;). For the sample mean X, = Z:]:l X/n

we have:

Expected value of the sample mean

>

E(X,) =n

Variance of the sample mean

0.2

Var(X,,) = p
Law of Large Numbers
X, 5
where  is convergence in probability: for all e > 0
P(|X, — | >¢) = 0whenn —

Central Limit Theorem (informally)

2
X, KN (u, 2) for large n

Rule of Thumb: the approximation is accurate if n > 30.

Discrete Distributions

Bernoulli distribution X ~ Bernoulli(6)

1—0 ifz=0
p(z) =
0 ifr=1
E(X)=146
V(X) = 0(1—6)

° °
° o
© p—

Geometric distribution X ~ Geom(0)

E(X) =12
V(X) =12

Binomial Distribution: X ~ Binomial(n, 6)
plz)=(1)o"(1—0)" " forz=0,1,2,....n
E(X)=nd
V(X) =nb(1-0)

0 1 2 3 4 5 6 7 8 9 10
T

Negative Binomial distribution: X ~ NegBin(r, 0)

p(z) = ("I H6"(1—0)* forz =0,1,2, ...

T

[(X) _ r(l;@)
V(X) = 15

0.10
0.05

0.00
0 1 2 3 4 5 6 7 8 9 10
T

Poisson Distribution: X ~ Pois(6)

6—901

p(r) = & forz =0,1,2,...
E(X)=1¢6
V(X)=40

0 1 2 3 4 5 6 7 8 9 10
x

Continuous Distributions

Normal Distribution: X ~ N(u,0?)

f(l‘) = \/2i02e*ﬁ(1ﬁu)2 for —oco < < 0
E(X)=n
V(X) =02

P(X<1)

If X ~N(p,0?)and Y =c+d - X then
Y~N(c+d~u, d2-02>
Uniform distribution: X ~ U(a, b)
fl@)=4L, fora<az<b
E(X)=(a+b)/2
V(X) = (b—a)?/12

b-a

f(z)

Exponential distribution: X ~ Expon(6)

f(z)=0e% forxz >0

=
>
!


https://observablehq.com/@mattiasvillani/bernoulli-distribution
https://observablehq.com/@mattiasvillani/geometric-distribution
https://observablehq.com/@mattiasvillani/binomial-distribution
https://observablehq.com/@mattiasvillani/negative-binomial-distribution
https://observablehq.com/@mattiasvillani/poisson-distribution
https://observablehq.com/@mattiasvillani/normal-gaussian-distribution
https://observablehq.com/@mattiasvillani/uniform-distribution

Gamma distribution X ~ Gamma(a, 3)

flz) = lfza)mo‘*l e P forz >0

[e3

Inv-y? distribution X ~ Inv- x*(v, 72)

2
F2,/2)v/2 exp —-
f(x) = p(,f?%) wEJrf/z ), forz >0

E(X) = 2572
L2.4
V<X) = (1/722 2(v—4)

Log-normal distribution X ~ LogNormal(y,o?)

flz) = —2= Qe_ﬁﬂl"g(”)_“)z for0 <z < o0
E(X) = exp(y + 02/2)
exp(c?) — 1> exp(2u + o?)

Student ¢-distribution X ~ t(v)

E(X)=0ifv > 1
V(X) = 25 if v > 2

2

(it z
f@) = Fdem (1%

)7(u+1)/2

, —00 < x <00

Beta distribution X ~ Beta(q, )

f@) = gomae " (1—a)' " for0<z <1

E(X) = -2

a+p

_ af
V(X) = wprlarsm
where
B(a, 8) = Sy

0.00 0.25

0.50

0.75

Multivariate Distributions
Multivariate normal distribution
(Y1,Y5, ..

LY,)T ~N(u, )

where p is the p-element mean vector and ¥ is the

p X p covariance matrix.

In the bivariate case with p = 2:
IJ‘ =
Ho

2
> 01 120102
2
P120102 02

and p,, is the correlation between Y; and Y.

8 020
7 017
s 015
012

=5
010
4 0.07
3 0.05
0.02

2

o 1 2 3 @ 5 6
T

0

Multinomial Distribution:

(Xy,...,X,)" ~Multinom(n, 6, ... ,6,)

_ n! 1 ... %P
() = x1!~~~xp!01 Op

Fla
forz, >0, 22:1 T =N
F(X,) = nf,

V(X}) =nb(1—0)


https://observablehq.com/@mattiasvillani/exponential-distribution
https://observablehq.com/@mattiasvillani/gamma-distribution
https://observablehq.com/@mattiasvillani/scaled-inverse-chi-2-distribution
https://observablehq.com/@mattiasvillani/log-normal-distribution
https://observablehq.com/@mattiasvillani/student-t-distribution-standard
https://observablehq.com/@mattiasvillani/beta-distribution
https://observablehq.com/@mattiasvillani/multivariate-normal-distribution

Dirichlet distribution

(Xy,...,X,)" ~ Dirichlet(a;, ay, ..., a,)
flxy, . x,) o m‘frl ---x?”il,
for 0 < z;, < 1 and Zzzlxk: 1
E(X,) = 2
W(Xj) =

E(X;)(A-E(X,))
1+a,
wherea, =377 | oy

00_10

Likelihood and Information

Log-likelihood ¢(0)

If \,Y,,...,Y, are iid with density/probability func-

tion p(y, [ 0)

((0) = logp(y, | 6)
i=1
Maximum likelihood estimator (MLE) 8

0 = arg max £(0)

Observed information

T1,(0) =~ (d)

Fisher information
1(0) = Eyp(—¢7(0))

Observed posterior information

~ d2
(0 = — gz logp(01y)|

where 6 is the posterior mode
0 = argmaxp(0y)

Jeffreys’ prior
p(8) o< |1(0)]'2

Normal posterior approximation (informally)

approx

Oy~ ~ N(é, Jy_l(é)> for large n

IID Gaussian - variance known

Model

Xy X, 10,02 S N(60,02), o2 known.

Conjugate prior
6~ N(/’LOa 7'3)

Posterior

Tn = o1
n 2tz
0
n
22
w =
oy 1

Predictive distribution

Ty, ., 2, ~ N(u,,0% +712)

[ID Gaussian - both parameters unknown

Model

Xy, X, 0,02 8 N(8,0?)

Conjugate prior

0]0% ~ N(pg,0? /o)

o2 ~ Inv—x2(vy, 08).

Joint posterior

0)o% 2y, 2, ~ N(p,,0%/kK,)

o? | @y, x, ~ Inv—x3(v,,02)

n
Kotn

K, = Kg+n

v, =Vyg+tn

AN

W02 = Vo0R + (= 1)s? + 2 (7 — )2
T=n'Y" 1

(n—1)s* =37 (z; — )

Marginal posterior for 0

=19
B

9|x1,...,xn~t<un, ,l/n>
n



https://observablehq.com/@mattiasvillani/dirichlet-distribution

Linear Gaussian regression
Model
y=XB+e, e“N(0,0°1,)
Conjugate prior
Blo? ~ N (o, 0°Q")

o2 ~Inv—x?(vy, 03)
Joint posterior

/3|027Y7X ~ N(I’I‘nﬂ 0—291;1)

o?ly, X ~ Inv—x2(v,,, 02)

n»-n

Q, =X'X+9Q,
t, = 2 (XTXB + Qo)

v, =V5+n
2

VpOp = VOU(% + (n _p)82 + (I“n - IJ’O)TQO(IJ’TL - I'LO)

B=(X"X)"'XTy
s* = (y=XB)' (y = XB)/(n—p)
Marginal posterior for 8
Bly ~ t(n, 070, v,
Marginal posterior individual coefficients
Bj|y ~ t(ﬂn,jv g%,jv Vn)

M, ; is the jth element of p,, and

03 ; is the jth diagonal element of 072, ".

Model comparison

Log predictive density score (LPDS)

LPDS = 10g p (Ytest |Ytrain)

where
p(Ytest|yn‘a‘m> = /p(Ytest|Ytrain7 0)p<9|Ytrain)d9
Leave-one-out LPDS

LPDS; o0 = » logp(y,ly ;)

i=1
where

plily ) = / p(sily 5. 0)p(Bly )d6

and y_; is the full dataset, except the ith observation.

Posterior sampling algorithms

Random Walk Metropolis algorithm
Initial value 8

foriin 1:(m+b) do
Draw proposal

0" ~ N(6*10V c. %

)
@ ¢ min <17 p(yguh)p(e(il)))
)

Draw u ~ Uniform(0, 1

if u < o then
‘ 0l — g
else
‘ 9l — gli-1)
end
end

Laplace approximation of the marginal likelihood

log p(y) = log p(y|6)+log p (9)+§ log ‘Jy (9)|+§ In(2r) Created by Mattias Villani, Stockholm University.

where p is the number of parameters in the model.


https://www.su.se/profiles/villani-1.394193
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