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Lecture overview

B Prediction

B Decision making
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Prediction/Forecasting

Il Posterior predictive density for future y given observed
y= W1 ¥n)

p(ily) = /0 p(716. y)p(6]y)db

M [ID data:
p(ily) = /9 p(710)p(0]y)db

B Parameter uncertainty in p(y|y) by averaging over p(f|y).
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Prediction - Normal data, known variance

B Under the uniform prior p(f) ¢, then

p(ily) = /0 p(710)p(0]y)db

Oly ~ N(y,o°/n)
y16 ~ N9, c?)

Simulation algorithm:
Generate a posterior draw of # (/) from N(y,o2/n)
Generate a predictive draw of ¥ (1) from N(0'"), 52)

Repeat Steps 1 and 2 N times to output:

» Sequence of posterior draws: 61 ..., §(N)
» Sequence of predictive draws: y1), ... yN).
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Predictive distribution - Normal model

) =y + D) where e ~ N(0,0%/n). (Step 1).
¥ =00 4 oM where v ~ N(0,0?). (Step 2).
HU = 4 e 4 o),

M and v are independent.

The sum of two normal random variables is normal so

E¥ly) =

y
2 1
V(iyly) = %+02 =0 (1+—)
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lteration laws

@ Expectation with respect to what? Explicit:

Bay(6) = [ 6p(6ly)db

B Law of iterated expectation and Law of total variance.

Iteration laws
Law of iterated expectation:
Ex(X) = Ey (Exy(X))
Law of total variance:
Vx(X) = By (Vyxy(X))
+Vy (Exy(X))

Iteration laws for Bayes
Marginal posterior mean:
Eg,|y(61) = Eq,|y (Eo,jg,,y(61))
Marginal posterior variance:
Vi, (61) = Eg,jy (Vo 10,y (61))
+Ve,y (Egy 6,y (01))
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Predictive distribution - Normal model and prior

I Predictive distribution still normal (sum of normals is normal).
I Predictive mean conditional on 0 is trivial:

Eyp(y) =0
Il “Remove the conditioning” on @ by averaging over posterior:
E(Y]ly) = Ep|y(0) = un (Posterior mean of ).
B The predictive variance of y by law of total variance

V(ly) = Egy[VyeW] + Vol E5o()]
E0|y(02) + V9|y(9)
= o2+ 7',3
B So, predictive distribution is
Ny~ N(Mmgz + 7'3)
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Predictive distribution - Internet speed data

B My Netflix starts to buffer at speeds < 5Mbit. @

0.0103
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Download speed
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Bayesian prediction for time series

B Autoregressive process

Ye = M+¢1(yt—1 _N)+“'+¢P(yf—P_M)+5f7 EtiigN(an'Q)

Predictive distribution - AR process.

Input: time series y1.7 = (y1,...,Y1)
number of predictive draws .
forecast horizon h.
foriin 1:m do
W, .-, ¢p, 0 < RPOSTERIORAR(y1.1, PriorSettings)
e741 < RNOrRM(0,0)
Jra1 <~ p+dr(yr —p) +... + ¢p(yT+1—p — W) +ers
e742 + RNOrRM(0,0)
Jri2 < p+ (V10— )+ +dp(yri2-p — 1) +eT42

ey + RNORM(0,0)

Iran < w+ 1T — 1)+ @p(Trin—p — 4) + 71
end

Output: m draws from the joint predictive density:

p(Frs1 - Frnlyrr)-
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Bayesian prediction of Swedish inflation
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Decision problems

B Let 6 be an unknown quantity. State of nature.

» Future inflation
» Global temperature

» Disease.

B Let a € A be an action.

> Interest rate
» Energy tax
» Surgery.

B Choosing action a when state of nature is 6 gives utility
U(a,0)

W Alternatively loss L(a,6) = —U(a,0).
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Decision tables - when both a and 6 are discrete

Bl Decision table

U(21,02) cee u(al,HK)
u(az,by) | u(az,02) | --- | u(az,fk)
u(ay,bh) | u(apnbz) | - | u(aybk)

M The eternal umbrella decision:

50| 50

10 30

Mattias Villani Regression, Prediction and Decisions



Decision Theory

B Example loss functions when both a and 6 are continuous:
» Linear: L(a,0) =|a— 0]
» Quadratic: L(a,0) = (a—0)?

» Lin-Lin:
la— if a <
1(,0) = ¢ -la—10| %a_G
c-la—0] ifta>0

B Example:
» 0 is the number of items demanded of a product
» ais the number of items in stock
» Utility

U(a,0) = p-0—ci(a—0) if a> 0 [too much stock]
" pra— (8 —a)? if a < [too little stock]
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Optimal decisions

@ Ad hoc decision rules:
» Minimax. Minimizes the maximum loss.

» Minimax-regret
27

> .
B Bayesian theory: maximize posterior expected utility &

dbayes = ArgMaxaeA Ep(@\y) [U(a,0)],
where E, g,y denotes the posterior expectation.
W Using simulated draws 01 0@ 0N) from p(d]y) :

N
Enoly[U(a,0)] = N1~ U(a,017)
=1
B Separation principle:
First obtain p(f|y)
then form U(a,f) and finally
choose a that maximizes Ejg,)[U(a, 0)].
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The umbrella decision

Rain | Sun
No umbrella —50 50
Umbrella 10 30

60

e===n0 umbrella
40 + —==umbrella

20

0,

—-20+t

Expected utility

—-40+t

_600.00 0.25 0.50 0.75 1.00

Pr(Rain)
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Choosing a point estimate is a decision

M Choosing a point estimator is a decision problem.
B Which to choose: posterior median, mean or mode?

M It depends on your loss function:

Linear loss — Posterior median
Quadratic loss — Posterior mean

>
>
» Zero-one loss — Posterior mode
>

Lin-Lin loss — ¢;/(c1 + ¢2) quantile of the posterior

Mattias Villani Regression, Prediction and Decisions



The umbrella decision
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