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Linear regression

B The linear regression model in matrix form

y = X§ + ¢
(nx1)  (nxk)(kx1) (nx1)

" B
y = , B= y €=
Yn Bk
X1T X1 o Xk
X = | : |= 5
X,,T Xn1 Xnk

B Usually xp =1, for all i. 51 is the intercept.

B Likelihood
y’ﬂa 027 X ~ N(X/Ba UQI”)
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Linear regression - uniform prior

W Standard non-informative prior: uniform on (3, log o?)
p(B,0%) oco™?
B Joint posterior of 3 and o2
Bloty ~ N(Bo*XTX)7)
a2ly ~ Invx2(n—k %)
where = (XTX)1XTy and &2 = L(y— X3 T (y — X3).
B Simulate from the joint posterior by simulating from

> p(o?]y)
> p(Blo?,y)

B Marginal posterior of 5 :
Bly ~ tai (B, (XTX) )
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Linear regression - conjugate prior

M Joint prior for 3 and o2

Blo® ~ N (p0,0*2")
o2 ~Inv — x? (1/0, 0(2))
B Posterior
Blo®,y ~ N (un, 0?2 ")

o?ly ~ Inv—y (1/,,, 2)

T —1 T 3
= (XTX+ Q) (XTXB+ Qo)
Q,=X"X+ Qg
VUn=1Vy+n
a% = <1/00§ + yTy + MJQOMO - MIQnNn> /Vn
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Bike share data. Predict the number of bike rides.
Response variable: number of rides on 731 days.

variable description type values comment
nrides # of rides | counts | {0,1,..} | min= 22, max= 8714
feeltemp | perceived temp | cont. [0,1] | min=0.07, max= 0.85
hum humidity | cont. [0,1] | min= 0.00, max= 0.98
wind wind speed cont. [0,1] | min= 0.02, max= 0.51
year year | binary {0,1} year 2011 =0
season season cat. | {1,2,3,4} winter — fall
weather weather | ordinal {1,2,3} clear — rain/snow
weekday day of week cat. {0,...,6} sunday — saturday
holiday holiday | binary {0,1} holiday = 1
Prior:

Mo = (1000, 0, ey O)T
“—,fXTX with ko = 1 (unit information prior)
o2 =1000? and vy = 5.

Qp =
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Bike share data

Number of daily rides

Number of rides

8000 8000
0
6000 g 6000
=
“
)
=
4000 © 4000
o)
£
=]
2000 = 2000
0 0
2011-01-01 2012-01-01 2013-01- 0.2 0.4 0.6 0.8
Day feeltemp
8000 weather = 1 & 8000 | ® season=1
© weather = 2 © season
@® weather =3 @ season
0 ® season =4
6000 3 6000
=
oy
(=]
=
4000 .. . O 4000
Q
£
. 2
2000 2000
0 ) 0 )
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
feeltemp feeltemp

Mattias Villani

Classification



Bike share data - marginal posteriors of 3

feeltemp hum
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Bike share data - joint posteriors of 3
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Interactive - Bayesian regression

prior type: ® Zelnergrprior O Identiy

prior sample size, mo[1___ | @

e —_—

" o

% —

Marginal posteriors for selected variables. Least squared estimates are indicated by points.
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Polynomial regression

B Polynomial regression

.,n.

P

fori=1

Bo + Bixi+ B2x; + .. + Brxf,

f(xi)

E_
oot
._.Q.A.,
- N
X %
(-
y{\
1
o

W Still linear in 5 and 8 = (X" X)"'XTy. Bayes unchanged.

polynomial fit

polynomial basis

w o w

uonouny siseq

-1.0

Il Polynomials are global basis functions. Local basis preferred.
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Fossil data
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From Ruppert, Wand and Carroll (2003). Semiparametric regression.

Mattias Villani Classification



Polynomial regression
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Quadratic spline - fossil data
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Regularization prior - Ridge

B Splines: too many knots leads to over-fitting.

B Shrinkage/regularization prior

2
10214 (0.
/BI|O- (Oa )\)

I Larger A gives smoother fit. Note: €29 = Al in conjugate prior.

B Prior acts like penalty in penalized likelihood:

—2-log p(Blo?, ¥, X) < (y — XB) "(y — XB) + 33

@ Posterior mean gives ridge regression estimator

B=(X"X+A,) ' XTy
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Ridge shrinks toward zero

M Ridge regression estimator

B=(XTX+ ) Xy
B Shrinkage toward zero
As A — oo, B0

B When X' X =1,

. 1 . R
B=15B=01-0p

B Shrinkage factor
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Spline

with Gaussian prior - fossil data
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Regularization prior - Lasso

B Lasso is equivalent to posterior mode under Laplace prior

N 2
Bilo? i Laplace (0, ;—)\)

Laplace distribution

X ~ Laplace(y, ) for X € R.
o) = g (- 251)
E(X) =p

V(X) =282

B The Bayesian shrinkage prior is interpretable. Not ad hoc.
B Laplace distribution have heavy tails.

[l Laplace prior: many j; close to zero, but some ; very large.
B Normal distribution have light tails.
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Learning the shrinkage

B Cross-validation used to determine degree of smoothness, .
H Bayesian: A is unknown = use a prior for Al

B A~ Inv—x2(wo, ¥3).

B Hierarchical setup:

y1B8, 0%, X ~ N(XB, 021,
Blo*, X~ N(0,0°A )
o? ~ Inv—x?(vo, 03)
A™H ~ Inv—x?(wo, ¥43)

so Oy = Al
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Regression with learned shrinkage

B The joint posterior of 3, 02 and X is

ﬁ|0-27)\7y ~ N(/'LIHQ;l)
a2\, y ~ Inv — x? (Vn, a%)

/ —vn/2
’Q()| V,,U?,

where Qg = Al,, and p(\) is the prior for A.

M Or simulate from p(3, 02, M|y, X) using Gibbs sampling (L7).
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Spline with Gaussian prior - fossil data
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Horseshoe prior

B Normal and Laplace - only one global shrinkage parameter \.
B Global-Local shrinkage: global + local shrinkage for each ;.
B Horseshoe prior:
BiIAF T2 ~ N (0,7°77)
A\~ CT(0,1)
T~ C(0,1)
W When X' X = 1,, posterior mean for 3 satisfies approximately

N 1
pnj = (1 — ¢;)B8;, where ¢; = W

B Implied prior on shrinkage

oooooo
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