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Lecture overview

B Monte Carlo simulation

B Gibbs sampling

B Data augmentation

» Mixture models

» Probit regression

B Regularized regression
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Monte Carlo sampling

mIf M. 0™ s an iid sequence from p(fly), then
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for some function g(0) of interest.

B Central limit theorem
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Monte Carlo sampling - convergence
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Gibbs sampling

B Sampling from multivariate distributions, p(Xi, ..., Xp).
W Typically a posterior distribution: p(61,...,60,|y).

B Requirement: Easily sampled full conditional distributions:

> p(01]62,05....60,,y)

> p(02|91703a""apay)
>

> p(0pl61,02,....,0p-1,y)

M Gibbs sampling is a special case of Metropolis-Hastings.

B Metropolis-Hastings is a Markov Chain Monte Carlo
(MCMC) algorithm.
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The Gibbs sampling algorithm

Gibbs sampling

Input: initial values Gm),. .., GE,D)
number of posterior draws .
foriin 1:m do

01 ~ p (91 |o¢~Y,60-Y, ..., B,Sifl),y)
62 ~ p (92 I 9,(;*”,y)

6, ~ p(ep |6, 6,60 ],y)
end
Output: m autocorrelated draws for 8 = (6y,...,6,)"
that converge in distribution to the joint
posterior p(61,...,8,|y).
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Gibbs sampling draws converge to the posterior

W Gibbs draws 8 ....0(™ are dependent, but

1 m
T NG
0=— > 6 — E(g)y)
t=1
Zg o) — E[g(0)]y]

m oW, ..., 0™ converges in distribution to posterior p(6|y).
[ | 6’}1), vy Q}m) converges to the marginal posterior of ;.
B Central limit theorem

6 “"K” N (E(8ly), V(8)) for large m
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Dependent draws for Gibbs are less efficient

B Dependent draws — less efficient than iid sampling.
B 1ID samples:

Var(é):%, where 2 = V(6]y)

B Autocorrelated samples:

Var(f) = % (1 +2 Zpk>

where p is the autocorrelation at lag k.
B Inefficiency factor:

IF—l—i-QZpk 1+22pk

k=1
B Effective sample size (ESS): {;
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Gibbs sampling bivariate normal

B Joint distribution

61 1 ol po1oy
~ N2 , 9
02 M2 pPO102 0y

Gibbs sampling from a bivariate normal

Input: initial value 9&0)
number of posterior draws m.

for iin 1:m do
67 1 0 ~ N1 +p2 (65 — pa), 021 - p)?)
60 0y~ N(p2 +p2 (0 =), 3(1—p)?)

end

Output: m autocorrelated draws for 8 = (61,6,) " that
converge in distribution to the bivariate normal
distribution 8 ~ N(p, ), where pt = (i1, 412) "

and
- o poo,
pricy 03
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Gibbs sampling - Bivariate normal

Initial value: [1,1] Initial value: [1,-1]
4 4
3 I 3
2 2
& é &
W=
0 0
| i
-1 -1
-2 -2
-2 -1 0 1 2 3 4 -2 -1 0 1 2 3
X‘ Xl

Initial value: [1,-1]

4 4
3 3
2 2
& SR
0 0
- -1
-2 -2

2 0 1 2 3 4 2 [ 1 2 3

x x

Mattias Villani Gibbs sampling



Gibbs

sampling - Bivariate normal

Initial value: [1,1]
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Initial value: [-1,-1]

Initial value: [1,-1]

Gibbs sampling




Direct sampling vs Gibbs sampling

iid sampling for p = 0.0 Gibbs sampling for p— 0.0
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Direct vs Gibbs sampling, bivariate normal p = 0.9

raw draws cumulative estimate Autocorrelations
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Gibbs is inefficient when parameters are correlated
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Normal model with conditionally conjugate prior

B Normal model with conditionally conjugate prior

o~ N(po, 7))
o ~ Inv—x*(vo,09)

B Full conditional posteriors

,U'|0-27X ~ N (Mna 7—3)

2 n L 2
Pl I 2 ( ook + S0 04— 1) )

n—+ 1y

with 11, and 72 defined the same as when o2 is known.
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Gibbs sampling for AR processes

B AR(p) process

iid
Xt = pA o1 (Xe—1 =)+ + Gp(xep— ) +er, r~ N(0,07%).

B Let ¢ = (¢17 “'7¢P)/'

B Prior:
» 1~ Normal
» ¢ ~ Multivariate Normal

» 0% ~ Scaled Inverse x2.

[l The posterior can be simulated by Gibbs sampling:

> plg, 0%, x ~ Normal
» @|p, 0%, x ~ Multivariate Normal

» 02|, ¢, x ~ Scaled Inverse x?

Villani (2009). Steady State Priors for Vector Autoregressions. Journal of Applied Econometrics.
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Data augmentation - Mixture distributions

W Let N(x|p,0?) denote the PDF of x ~ N(u,o?).

B Two-component mixture of normals [MoN(2)]
p(x) = w - N(x{p1,0%) + (1 — w) - N(x|pa, 03)

B Simulate from a MoN(2):

» Simulate a membership indicator Z € {1,2}: Z~ Bern(r).
» If Z=1, simulate x from N(u1,0%)
» If Z=2, simulate x from N(uz,03).
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lllustration of mixture of normals
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Data augmentation - Mixture distributions

B K-component mixture of normals
K
p(x) = Y wiN(xl ik, 07)
k=1
B Indicators: Z; = k if observation x; comes from component k.

Simulating data from a mixture of normals

Input: the number of simulated data observations n
mixture weights w = (wy, ..., wk)
mixture component means py.x = (pi1, ..., UK)
mixture component variances 03, = (07, ...,0%)
foriin 1:n do

// Simulate component allocation variable
Draw z; ~ Cat(wy, ..., wk)

// Simulate from selected mixture component
Draw x;|z; ~ N(yzl.,trzzi)
end
Output: 1 iid observations x = (x1,...,x,) from the
mixture of normals model
p(x) = T @i - N (x|, o).
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Fish length data with known yearly cohorts
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Fish length data - fit with known yearly cohorts
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Likelihood for a mixture and data augmentation

B The likelihood is a product of sums. Messy to work with.

B Assume that we know where each observation comes from

z; = k if x; came from mixture component k.

B Given zj, ..., z, it is easy to estimate the means pu, ..., uk,
the variances 07, ..., 0% and the mixture proportions
w1, ...wk: just split up the data in K groups according to
Zly ...y Zp.

B But we do not know zi, ..., z,!

B Data augmentation: add zj, ..., z, as unknown parameters,
and update them in separate Gibbs step.
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Gibbs sampling for mixture distributions

for jin 1:m do
// Update component parameters
for k in 1:K do
Set x; = {x; such that zi(’_l) =k}
Draw (02) /) |x;, ~ ScaledInv—x2 (v, Uik)
Draw i (02) 1), x; ~ N, 72,)
end

// Update component weights
Set 1y = |xx|, number of obs in component k
Draw w() ~ Dirichlet(ay + 1y, ..., 0k + ng)

// Update mixture allocations
foriin 1:n do

for k in 1:K do
@ & wéf) - N(xi|y,((/),0'£f))
end

normalize @1, ..., @k to sum to one

simulate allocation zz-(i) ~ Cat(@y,. .., @k)

end
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Fish length data - mixture of normals fit
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lHllustration of mixture Poissons
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Fitting a mixture Poissons to the eBay bidders
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Data augmentation - Probit regression

B Probit regression:
Pr(y; =1 x) = &(x/ 8)
B Random utility formulation:
up ~ N(x:l—:@71)
o 1 ifu>0
=10 ifuy<o

W Check: Pr(y;i=1|x;) =Pr(ui>0)=1—-Pr(u; <0) =

1 - Pr(uj— x{ B < —x] B) =1 - ®(~x/ B) = (x/ B).
W Given u= (uy,...,uy), B can be analyzed by linear regression.
M uis not observed. Gibbs sampling to the rescue!!

1Albert and Chib (1993). Bayesian Analysis of Binary and Polychotomous Response Data. JASA.
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Latent utility formulation of Probit regression

Utility distribution for person i Utility distribution for person j

Pr(y, = 0|x; §)
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Gibbs sampling for the Probit regression

B Random utility formulation:
up ~ N(x;rlgv ]-)
o 1 ifu>0
YT 0 ifu<o0
B Simulate from joint posterior p(u, 3|y) by iterating between
» p(B|u, y) which is multivariate normal (linear regression)

» p(ui|B,y), i=1,...,n, independently.
@ The full conditional posterior distribution of u;
p(uilB,y) o« p(yilB, ui)p(uil )

| N(ujlx[ B,1) truncated to u; € (—00,0] if y; =0
N(ui|x] B,1) truncated to u; € (0,00) if y; = 1

B Histogram of B-draws approximates marginal posterior of 3.
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Conditional posterior for latent utility vu;
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Direct sampling L2-regularized regression

B Recap: The joint posterior of 3, o and \ is

B|0-27)\7y7X ~ N(MIHQ;l)
2Ny, X ~ Inv— x? (u,,,az)

n

—vn/2
‘Qo‘ I/,,O',27
X .
P(Aly, X) o \/ | X' X 4+ Qo 2 P

B This is the conditional-marginal decomposition

p(B,0% Ny, X) = p(8lo%, A\, v, X)p(a? |\, 7, X)p(Aly, X)

B Gibbs sampling can instead be used:

» Sample 3|02, \,y, X from Normal
» Sample 02|38, \,y, X from Inv-x?
» Sample \|3,02,y,X from Gamma

M )\ is easy to simulate conditional on 8 and o2,
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Prior:

0_2
Blo* A~ N (o, A/k)

o2 ~ v — 2 (0, 02)
A~y — 2 (wo,wg) .
By Bayes’ theorem
p(AlB,o%,y) < p(y1B,0% ) p(A|B,07)

p (y\,@, o2, )\) does not depend on A once we condition on 3:

p(NB, 0% y) < p(AlB,0?)
So using Bayes' theorem once more

p(AB,o%y) o p(A|B,0%) o p(Blo* ) p(N)

In conditional posterior for A, the 1,..., 3, act like “data”.
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Gibbs sampling for L2-regularized regression

Gibbs sampling linear regression - L2 regularization prior
The posterior for the linear regression model
y = XB +¢, &~ N(0,0%,), (12.16)
with hierarchical L2 regularization prior
Blo® ¢ ~ N(0,0%y?I})
0% ~ Inv—x% (v, T3)
Y2 ~ Inv—x*(wo, ).
can be sampled by a two-block Gibbs sampler:
Blockl : Blo?, g%y ~ N(Bp,, o*(X X+ ¢ 2I,) ")
oy, y ~ Inv—x* (5, va)
Block2 : y?|B,02,y ~ Inv—x2(wn, $2),
where B, is the ridge estimator

1 il

B, = (X"X+972) X'y=(X"X+2L) Xy

The hyperparameters v, and 77 are given in Figure 5.3.
Finally, w, = wp + p and 2 = (L, (Bi/0)? + wotpd) / wy.
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Improving the efficiency of the Gibbs sampler

B Efficient blocking. Correlated parameters should ideally be
included in the same updating block.

B Reparametrization. Convergence can improve dramatically
in alternative parametrizations.

B Data augmentation.

» Augment with latent variables to make full conditional
posteriors more easily sampled (Probit, Mixture models).

» But typically increases the autocorrelation between draws.
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